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Abstract 

The configuration space of the mechanism of a planar robot is studied. 
We consider a robot which has n arms such that each arm is of length 
1 + 1 and has a rotational joint in the middle, and that the endpoint of 

2(fc-l)7r . 

the fc-th arm is fixed to Re " Generically, the configuration space 
is diffeomorphic to an orientable closed surface. Its genus is given by a 
topological way and a Morse theoretical way. The homcomorphism types 
of it when it is singular is also given. 
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1 Introduction 

We study the configuration space of the hnkage of a robot which can move only 
in a plane. We consider a robot which has n arms such that each arm is of 
length 1 + 1 and has a rotational joint in the middle, and that the endpoints of 
the arms are fixed to n equally located points in a circle of radius R (Figure^. 
We assume that its arms and joints can intersect each other. Let us call this 
robot a "spider" and denote the configuration space of the spiders with n arms 
of radius R by M„{R). 

Let a; be a point in Mn{R) that corresponds to a spider such that none of the 
arms is stretched-out nor folded, all the angles at the joints of the arms belong 
to (0,7r). The configuration of a spider, if it is close to the above mentioned, 
is determined by the position of the body. Therefore, the neighbourhood of a 
generic point in A^„(i?) is of dimension 2. 

In this paper we show that A4n{R) is generically diffeomorphic to an ori- 
entable closed surface, and give the genus in terms of n and R CTheorem I2.4|l 
by a topological and a Morse theoretical methods. We also give the topological 
type of Mn{R) when it is not a surface (Theorem 12. 5|l . 
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® rotational joint 
• fixed end point 



Figure 1: A robot with 6 arms 



The puzzle which was mentioned in Dror Bar-Natan's talk at Siegen, Ger- 
many in 2001 provoked the author to study the generalization. Dror Bar-Natan 
asked what A4q{R) is for a big R. The answer was given by calculating the 
Euler numer: the configuration space can be obtained by gluing 2^ hexagons 
at the edges in such a way that four hexagons meet at each vertex. D. Eldar's 
home page explicitly shows the illustration of this idea. 

When the number of arms of the spider is equal to 2, by joining the two 
endpoints, we can identify the space A42{R) with the configuration space of 
the planar quasi-equilateral pentagons that have edges of lengths 1,1,1,1, 2R. 
Especially, when R — ^ the space A^2(|) is equal to the configuration space 
of the planar equilateral pentagons. It was proved to be homeomorphic to 
an orientable closed connected surface S4 of genus 4 by Havel ('3') and by 
Kamiyama {ff). Generally, the space A42{R) was proved to be homeomorphic 
to Si if < 2i? < 2 and to 5Mf 2 < 2i? < 4 by Toma ([TTl)- This result 
is a special case of the theorem of Kapovich and Millson et.al., where the 
genus of the configuration space of pentagons with edges of length oi, • • • ,05 
was given in terms of ai , • • • ,05 when the configuration space becomes a smooth 
manifold. The singular cases, 7^2(0) and A^2(l), were studied in IV. 

There have been a great number of works on the topology of the configuration 
spaces of polygons, linkages, and mechanisms from various viewpoints. For 
example, topological argument for general cases can be found in jlU| . 



This is a revised version of ArXiv math.GT/0505462 (2005). Because of the 



limit of the capacity, we had to reduce the number and the sizes of the figures. 
The full figure version can be found at 

http : / / www. comp .metro-u. ac .jp/ ~ ohara/download/mod jp_spider.pdf 
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2 Main results 

Let us give an explicit definition of A^„(_R). We assume n > 2 in what follows. 
Let C{x, y) denote the "body" of the spider. Let 

Bh = {uk,Vk) = { Rcos— ^,i?sin^ —] (1) 

\ n J 

be the fc-th fixed cndpoint and Jk{pk, Qk) the joint of the fc-th arm (fc = 1, • • • , n). 
We denote the vector J^C by and B^Jk by 6fc. All the vectors are considered 
row vectors. 

Definition 2.1 Let E be a constant with < i? < 2. Define fi : R^^+s ^ ]^ 
for i = 1, • • • , 2n by 

f2k-i{x,y,pi,qi,- ■ ■ ,Pn,qn) = I JfeCp - 1 = (x -pfe)2 + (y - gfe)2 - 1, 
f2k{x,y,Pi,qi,--- ,Pn,qn) = \BkJk\'^ - 1 = (Pfe - Wfe)2 + {qk - VkY - 1, 

and F : M2n+2 ^ ^2n 

F = (/l) • • • ) /2n)- 

The configuration space of the spiders with n arms of radius R, A4n{R), is 
given by 

Mn{R) = {(C, Ji, ■ • • , Jn) e : \JkC\ = \BkJk\ = 1 (fc = 1, ■ • • , n)} 

= {x = {x,y,pi,qu--- ,p„,(7„)eM2"+2:/,(a;)=0 (1 < i < 2n)} 
= ^^-'(0). (2) 
Definition 2.2 Let rf„ be the maximum distance between n-th roots of unity: 

f 2 if n is even, 

^^2 - 2 cos if n is odd, n = 2m + 1. 



dn 
Put 



o _ 2 

Un — -7-- 

dn 



Lemma 2.3 A spider with n arms can have both stretced-out arms and a folded 
arm {hence the body is located at some Bk) if and only if R = Rn- It can have 
folded arms if and only if R< Rn- 

Theorem 2.4 The configuration space of the spiders with n arms of radius 
R, Mn{R), is diffeomorphic to a connected orientable closed surface Sg if R 
satisfies 

0<R<2 and Ry^ Rn- (3) 
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The genus g is given by 




1 - 2"-i + n2"-3 _,_ „2"-i = 1 + (5n - 4)2"-^ if o < i? < i?„, 
l-2"-i+n2"-3 =l + (n-4)2"-3 if R,,<R<2. 



Theorem 2.5 T/ie topological type of the configuration space A4n{R) when it 
is not diffeomorphic to a surface is given as follows: 

271-1 

(1) IfR = 0, X„(0) can be decomposed as A^„(0) ^ x M'^{0). Let V 

be a bouquet o/2"^^ circles with base point P. Then the sapce A4'^{0) can 

be obtained from the union of V S and by gluing 2"^^ points of 

V \ {P} each of which belongs to mutually distinct circle to 2"~^ 
distinct points in T"'^^ (Figures |21 and . 




(2) If n is even and R — Rn — 1, A1„(l) can be obtained from 

Mn{R') ~ ^l-2"-i+„2"-3+„2-i (0 < i?' < 1) 

by pinching n2"^^ 1-handles in the middle (Figure ^J. It can also be 
obtained from 

Mn{R") ~ i:i-2"-i+„2"-3 (1 < R" < 2) 

by identifying n2"^^ pairs of points respectively. 

(3) If n is odd and R — Rn, A^n(-Rn) can be obtained from 

M = Mn{R") « i:i_2"-i+„2"-3 (1 < R" < 2) 

as follows. Replace n2"~^ mutually disjoint discs Di by the same number 
of copies Ai of the space illustrated in Figure Let Si and Ti be the 
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Figure 4: A^2(l) appears in a continuous family {A^2(^^)}o<fi<2 between S4 ss 
M2{R') (0 < i?' < 1) and 52 « 7V42(-R") (1 < R" < 2). Four 1-handles of S4. 
are pinched at the middle. 



endpoints of the arc of Aj along which the surface is stitched up. Join S2j 
and S2j+i, and T2j and T2j+i by mutually disjoint curves which do not 
intersect with 



Figure 5: A disc A which is stitched up along an arc between 5 and T 

Join pairs 0/ [^i] and [^i+n2^-^], and pairs of [rji] and [r7i+„2"-3] by mutu- 
ally disjoint arcs which intersect M only at their endpoints. It produces 

Mn{Rn)- 

(4) If R = 2, A^„(2) consists of one point. 

(5) If R> 2, Ain{R) is an empty set. 

Remark: The configuration space Mn{R) admits the symmetry group which 
is the semidirect product of the dihedral group of order n (rigidly moving the 
Bis) and (Z/2)" (interchanging Ofc = JfeC and bk = BkJk)- We will use the 
symmetry of the dihedral group. 




which produces M.n{Rn)- 



T 




5 



When R = the symmetry group is the semidirect product of 0{2) (rotation 
and reflection) and (Z/2)". We will use the symmetry of S^. 

3 Proof for the non-singular case 

Theorem l2.4l is the consequence of the following Propositions. We always assume 
that R satisfies < i? < 2 and R ^ Rn in this section. 

Proposition 3.1 Suppose < R < 2. The rank of Jacobian matrix dF{x) 
of F at X is smaller than 2n if and only if R — Rn and one of the following 
conditions is satisfied: 

(i) n is even and the spider has a folded arm and a stretched- out arm both of 
which lie on a same line. 

(ii) n is odd and the spider has a folded arm and two stretced-out arms. 
In any case, the body is located at some B^. 

Corollary 3.2 If < R < R n or Rn < i? < 2 any connected component of 
A4n{R) ~ F^^{0) is an orientable closed 2-dimensional submanifold o/M^"+^. 

Proposition 3.3 If < R < Rn or Rn < R < 2 then the configuration space 
of the spiders with n arms of radius R, A4n{R), is arcwise connected. 

The genus of A^„(i?) = F~^{0) is determined by calculating the Euler num- 
ber. We have a topological and a Morse theoretical ways to do it. 

Proposition 3.4 (1) If Rn < R < 2 then Ain{R) admits a cell decomposition; 
it can be obtained by gluing 2" n-gons at their edges so that four n-gons meet 
at each vertex. 

(2) If < R < Rn then A^„(i?) can be obtained from S — Si_2"-'^+n2^-^ 
which is homeomorphic to A^„(_R') with _R„ < R' < 2 as follows. Blow up n2^ 
points of U, i.e. replace n2" points by the same number of S^'s, each point of 
which corresponds to the direction of the approach of a point to the blown-up 
point. Pair the 's up and glue each pair, which is equivalent to attaching 
^2"-i l-handles to E. 

Proposition 3.5 Suppose < R < Rn or Rn < R < 2. Let : Mn{R) ^ 
be the height function of the body of the spider: 

'ip{x,y,Pi,qi, ■ ■ ■ ,P7i,qn) = y- 

Then is a Morse function on Mn{R)- The number of critical points and their 
indices of ip are given as follows. 

(!) If Rn < R < 2 then there are 2"~^ critical points of index 0, {n — 2)2"^^ 
critical points of index 1, and 2""^ critical points of index 2. 
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(2) If < R < Rn and n is even then there are 2""^ critical points of index 
0, {n — 2)2"~^ + n2" critical points of index 1, and 2"~^ critical points of 
index 2. 

(3) If < R < Rn and n is odd then there are 2"^^ critical points of index 0, 
^2"-2 j_ jj2" critical points of index 1, and 2"~^ critical points of index 2. 



3.1 Proof of A4n{R) being an orientable surface 
Lemma 3.6 Suppose < R < 2. Then the following holds. 

(1) If two arms of the spider are stretched out then the two arms are adjacent. 

(2) The spider cannot have three or more arms stretched out. 

Proof. Let rii;(0) denote the circle with center the origin and radius R, and 
^2(0) the circle with center C (the body of the spider) and radius 2. 

(1) Suppose j-th and fc-th arms (j — k ^ ±1 (mod n)) are stretched out. Then 
one of the two open subarcs of ri?(0) between Bj and Bk is outside the circle 
T2{C). It contains at least one fixed endpoint, say, Bi. Then \BiC\ > 2 > R, 
which is a contradiction. 

(2) Suppose the i-th, j-th, and fc-th arms are stretched out. Then both 
rii;(0) and r2(C) pass through Bi, Bj, and Bk. As there is a unique circle 
through three points, r/j(0) ~ r2(C), which contradicts the condition R ^ 2. 
□ 

Put 



ak = JkC = {x -pk,y - Qk), bk = BkJk = {Pk - Uk, Qk - Vk)- 
Then the Jacobian matrix dF{x) of F at a; G ]R^"+^ is given by 



dF{x) 



( dfiix) \ 
df2{x) 
df3{x) 
dfi{x) 

9/2,1-1(3;) 

V df2n{x) J 



= 2 



-ai 
bi 



0.2 



-a2 
b2 



V 



b„ 



(4) 



We may denote dfk{x) by dfk- 

Proof of Proposition EIU (1) Suppose 



2n 



^Ckdfk^O with (ci, • • • ,C2„) ^ (0, 



,0). 



fc=i 



If ci = C3 = ■ • • = C2n-i = then C2 = C4 = • • • = C2n = 0, which is a 
contradiction. Therefore, at least one of C2i_i's does not vanish. Since =/= 0, 
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it implies that at least two of C2i_i's do not vanish. If C2i-i then C2i ^ 0; 
hence — zkbi, i.e. the i-th. arm is either stretched out or folded. 

Case I. Suppose the i-th arm is folded. Then the body C of the spider is 
located at Bi. Therefore, there are no more folded arms. If there are more than 
two non-zero C2j-i's besides C2i-i then there are more than two stretced out 
arms, which contradicts Lemma Therefore, there are one or two stretched- 
out arms. 

If there are two stretched-out arms, they arc from the farest Bj^s from Bi, 
which can occur if and only if n is odd and R = In this case, dfk's are in 
fact linearly dependent. This corresponds to the case (ii). 

If there is only one stretched-out arm, it is from the unique farest Bj from 
Bi, which can occur if and only if n is even and R = Rn — 1. Since there 
are no more non-zero Cfc's besides C2i-i, C2i, C2j_i, and C2j-i, dfk's are linearly 
dependent if and only if = — 5i = ±aj — ibj, in other words, the i-th and 
the j'th arms lie on the same line BiBj. This corresponds to the case (i). 

Case II. Suppose there are no folded arms. It follows that there are exactly 
two non-zero C2i-i's and two stretched-out arms. Then 9/fc's are linearly de- 
pendent if and only if these two stretched-out arms lie on the same line, which 
contradicts the condition that R ^ 2. □ 



3.2 Connectedness of the configuration space Ain{R) 

The configuration of the spider is determined by two kinds of data; the position 
of the body C{x, y), and the state of the n arms. 

The former is given by a point in the domain where the body can be located, 
which we shall call the body domain. In our case it is a "curved n-gon" D (Figure 
E|) given by 

D = {C ^{x,y):\CBu\<2 (1 < fc < n)}. (5) 




Figure 6: The curved hexagon D 



Since R ^ Rn the boundary dD of D does not contain Bk- 
The latter depends on the position of the body of the spider. There are three 
(when Rn < R < 2) or four (when < i? < mutually disjoint cases: 

(1) The body of the spider is located in the interior of the curved n-gon D, 
but not at Bk- There are 2" states how the arms are bended (Figure [TJ. 
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(2) Exactly one arm is stretched out. It occurs if and only if the body of the 
spider is located on an interior of an edge of D (Figure IS)). 

(3) Exactly two arms are stretched out. It occurs if and only if the body of 
the spider is located at a vertex of D (Figure |5J). 

(4) The body of the spider is located at Bk- The fc-th arm, which is folded, 
can rotate around Bk (Figure [Tn|) . It can occur only when < i? < 




Figure 10: 



Definition 3.7 Let Ok (— tt < 6k < tt) be the angle from BkJk to JkC. The 

n 

index of the fc-th arm, ek G {+, — , 0, oo}, is given by the signature of tan 
where — oo is identified with oo (Figure ITT)) . We say that the fc-th arm is 
positively bended (or negatively bended) if its index is -f (or respectively, 
— ), bended if it is either positively or negatively bended. We note that it is 
stretched-out if Ek = 0, and folded if Sk = oo. 




Definition 3.8 (1) We call Dr\{C = (x, y) : \CBk \ = 2} the k-th edge of D. 
(2) Define D by 

D^{C^{x,y):Q<\CBk\<2 (1 < fc < n)}. 
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namely, 



o f lntD\{Bi,--- ,Bn} when < i? < i?„ 
\ IntD when i?„ < i? < 2, 

and call it the open body domain. It is the domain where the body of a 
spider can be located whose arms are all bended. 

Remark:The indices of the arms are kept invariant while the body of the spider 

o 

moves around inside £). 

Proof of Proposition We show that any given spider x g Mn{R) 
can be deformed continuously to a fixed configuration where the body is 
located at the origin and every arm has index +. 

First, deform the spider continuously so that each arm of it has index either 

o 

+ or — . This can be done by moving the body a little bit to a point in D- 

Second, change the — indices to + one by one, by iteration of stretching out 
a negatively bended arm and then bending it again positively without changing 
the indices of the other arms. Suppose the k-th arm is negatively bended. Move 

o 

the body through £) to a point in the inerior of the fc-th edge of D, and then 
move it inward to make the k-th arm positively bended. 

o 

Finally, move the body to the origin through D to complete the proof. □ 
Remark: The configuration space of an "asymmetric spider" may be discon- 
nected. It happens when there is an arm whose index cannot be changed by 
any continuous motion of the body (Figure EJ. When |-Bfc Jfc| 7^ \JkC\ the open 



Figure 12: An asymmetric spider. Its second and fourth arms cannot be 
stretched out nor folded. 

o 

domain D is replaced by the intersection of open annuli. 

3.3 Topological method to determine the genus 
Proof of Proposition ITU 
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(i) The Rn < R<2 case. 

We remark that any arm of a spider cannot be folded in this case. 
We give a cell decomposition A of Mn{R) as follows. 

Let £ = £{x) denote the multi-index of the arms of a spider x e Ain{R) 
(•Definition rrrjl : 

£ = (ei, • ■ • ,£n), £k 6 { + , -,0}. 

Lemma 13.61 implies that £{x) contains at most two O's, and if so, they are 
adjacent modulo n. 

Let T denote the set of the multi-indices of the points in A^„(i?): 

£^€{+,-,0}, ] 
H{j : = 0} < 2, \. (6) 

If = Ej = then j — i = ±1 (mod n) J 

Let I„i C X be the set of multi- indices of a spider with 2 — to stretched-out arms 
(0 < TO < 2): 

I,„ = {£ = (£i, ••■,£„) e J : H{j : £, = 0} = 2 - to} . (7) 

Define De (e £ X2), Ee (e' e Zi), and Ve (e" e Xq) hy 

De ={xe Mn{R) ■■ six) =e} (e e I2), (8) 
Ee, ^{xe Mn{R) ■■ £{x) = £'} (e' G Ii), (9) 
Fe" = {a; e A^„(i?) : e{x) = e"} (e" e Xq). (10) 

Remark:We may write D^-^...^^, E^-^...^^, etc. instead of -D(ei.... -E(ei,... ,e„) 
etc. in Figures. 

o 

Each Z?£ is homeomorphic to D= IntD since any point in can be iden- 
tified by the position of its body as the indices of the arms are constant on 
(Figure^)). Hence it is a 2-cell of 7W„(i?). Similarly, each E^i is homeomorphic 
to an open interval since the body is located in the interior of the fc-th edge if 
e'j. = (Figure Hence it is a 1-cell. Each Ve" consists of O-cell(s) (a point 
when n > 3 or a pair of points when n = 2) (Figure El- 
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fc=l 



Let e = (ei, • • • , £«) G I. The closures of in A^„(_R) is given by 

n n 

D^=DsU[jEs>^u[jVs>^^^^, (11) 

fc=i 

where £^ and e'^' ^._|_]^ are given by 

4 = (e'l.--- ,e^^) with 



4 = £j if J 7^ 
4 = 0, 



'-k,k+l 



'1 I ' 



with 



e" = if j ^ k,k + 1, 



(12) 



-fe+i 



0, 



where the suffix is considered modulo n. With this notation, the closures of E^'^ 
in Mn{R) is given by 



U Ve" . 



Ee'^ = Es'^ U Vs'^ 

k k k 

Therefore, the decomposition to the disjoint union 



^(+++++D) y(++++D D) £(++++0+) 



(...+0...) 



(0 0++++) 




(+++0++) ^ 



(++0D++) 



E(+0++++) V(+0D+++) E(++o+++) 

Figure 16: A 2-cell 



D(...+_...) 


^(...++...) 

V(...oo...) 


— ( 

0-...)^ 


^(■■•0 



Figure 17: Around a vertex 



£ei2 e'eii £"ein 

gives a cell decomposition of Al„(i?). The formula (|ll|l implies that any vertex 
V(...oo - ) is contained in the closures of exactly four 2-cells, 

D(-++-), £>(...+_...), £>(...-+...), and £>( ), 

where we agre that the other indices are the same (Figure El- 
(u) The Q < R< Rn case. 
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Let X' denote the set of the muhi- indices of the points in A^„(i?): 

X' = J U Zfii , 

where X is same as (0 and I51 is the set of the multi-indices of a spider with a 
folded arm: 



'1' 



el e {+,-,00}, 



(13) 



Let X,„ (0 < TO < 2), De is e X2), (e' e Xi), and V^e" (e" e Xq) be 

given by O, l|HJl, ®, and ((Tn|l as before. Each Ds is homeomorphic to £)= 
IntL* \ {Bi, • • • , S„} (Figuredl). Put, for e° e X51 , 




Figure 18: The domain 



4= = {a; e yW„(i?) : £(a;) = £°}. 
The configuration space Al„(i?) can be decomposed as the disjoint union: 

\eei2 e'eii e"eio ) £°eiqi 



(14) 



The first term of the right hand side is homeomorphic to n2"-times punctured 
orietable surface of genus 1 — 2"~^ + n2"~'^. We see how y^e°£_Ig^S\o is glued 
to it in what follows. 

Let Cgo (£° G X5i,0 <9< 2tt) denote a point in S^o C A^„(i?) where the 
folded arm has angle 9 from the positive direction of the x-axis (Figure I19|l . 

Let £ = (ei, •••,£„)£ I2. Put 



el = (£?,•■■ ,0 ^2:51 with 



'J 
00 



Then e^o G S'^o is the limit of a sequence of points in De whose bodies are 
located at 

r Bfe + <5(cos(0+f),sin(0 + f)) (<5>0)if£fe = + 

1 Bfc + ,5(cos((?-f),sin(^?-f)) (<5>0)if£fe = - ^ ' 
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Figure 20: 



as S goes down to +0 (Figure EOJ . 

Suppose ejj. and ej.' are given by ifT^ as in the previous case. Then the 
closure of Ds in Mn{R) is given by 

n n n 

fc=l k=l fe=l 

It imphes that each S^o is contained in exactly two D^'s. Since 7Vl„(i?) is ori- 
entable by Corollarv l3.2l for by the argument in the Remark below), it means 
that the decomposition H14|l can be considered topologically as attatching n2"~^ 
1-handles to ^i_2"-i+n2"--' minus n2" open discs at the boundary circles (Fig- 
ureESl- n 




Figure 22: M2{R') (0 < i?' < 1) 
Figure 21: A cell decomposition of can be obtained from 7^2 (i?) (1 < 
M2{R) when 1<J?<2 i?<2)by ataching four 1-handles. 



Remark: The above cell decomposition and cut-and-paste type argument give 
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an alternative proof of Thcorem l2.4l in topological category without Propositions 
O and ESI 

(i) The Rn < R<2 case. 

The formula 1)1111 implies that each edge Es' is contained in exactly two 
faces. It means that A^„(i?) consisits of a union of closed surfaces. 

A point in and another point in D^i can be joined by a path which passes 
over : £j ^ e^} edges. Since Ain{R) is a union of the closures of i^e's, it 
implies that is connected. 

As was mentioned before, can be identified with a copy of IntD by 
the position of the body. Suppose the orientation of is given through this 
identification by that of IntZ3 multiplied by 

(-1)™(^), where m{e) = : = -}. 

Two faces Ds and Ds' are adjacent if and only if 

In this case they meet at an edge which corresponds to the same edge of D. The 
two orientations of De and Dei fit at this edge. Therefore, Mn{R) is orientable. 

(u) The < R < Rn case. 

o 

Let ip£ '■ Z?— » De be the homeomorphism given by the position of the body. 

o 

Define the compactification Z) of £) by 

D =budiDUd2D, 

where diD is the union of the n edges of D, i.e. the boundary of £> C in the 
usual sense, and is the union of n S^'s, where a point e'^ in the k-th is 
the limit of a point Bk + S{cos9, sinO) as S goes down to +0. Then ip£ can be 
extended to 

Assume the orientation of is given in the same way as in the previous 
case. Suppose two faces Ds and Ds' meet at some which is the image of 
the fc-th in 92-D by and Tp^,. Then (|15)l implies that the restriction of 
olps to the fc-th is the antipodal map, which is isotopic to the identity. 
Since tl{j : ej ^ e'j} = 1, Ds and inherit opposite orientations from D 
through Ip^ and ^s>- It means that, through Ip^ and Tp^r, D is glued to its copy 
with the opposite orientation at the fc-th in d2D by the identity map. The 
two orientations fit at the S^. Therefore, A^„(i?) is orientable. 

3.4 Morse Theoretical method to determine the genus 

We prove Proposition 13.51 We assume that R satisfies < i? < i?„ or _R„ < 
i? < 2 in this Subsecton. 
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Lemma 3.9 Suppose R satisfies < R < Rn or i?„ < R < 2. A point 
X e Mn{R) is a critical point of ip{x) = y if and only if one of the following 
conditions is satisfied: 

(i) Two adjacent arms are stretced out inward (Figures 1241 1251 and I2()|) . 

(ii) Exactly one arm, say, the k-th, is folded, which is parallel to the y-axis 
(Figures 1271 and I28|) . The body is located at Bk ■ It can occur only when 

< R< Rn- 

(iii) Exactly one arm, say, the k-th, is stretced out, which is parallel to the 
y-axis. It can occur if and only if n is odd, < R < Rn, and Bk is either 
the highest or the lowest (Figure 123) • 




Figure 23: The fourth arm is stretched out. The other arms are not drawn. 



Proof. Recall that 

Mn{R) - {X : fi{x) = ■■■ = f2n{x) = 0} . 

Let Span {dfk{x)) denote the linear subspace of R^"+^ spanned by dfi{x), • • ■ , 
df2n{x). It is codimension 2. The tangent space TxMn{R) of Mn{R) at x 
is equal to the orthogonal complement {Span (dfkix))}-^ of Span {dfk{x)) . A 
point X = {x,y,pi,qi, ■ ■ ■ ,p„,g„) £ Al„(i?) is a critical point of ipi^) = V 
if and only if its differential vector dip{x) — (e2,0, ••• ,0) is orthogonal to 
TxM.n{R) — {Span {dfk{x))}^ , which occurs if and only if (e2,0, ••• ,0) is 
contained in Span{dfk{x)). 
Suppose 

2n 

J2ckdfk = ie2,0,--- ,0) . 

k=l 
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The differential vectors dfk{x) of fk are give by 



dfiix) 
df2{x) 



2(ai, 
2(0, 



-ai, 
bi, 



0, 
0, 



0), 
0), 



df2n-l{x) 
df2n{x) 



2{ar 
2(0, 



0, 
0, 



an, 0), 
b„). 



where = J/cC* and 6^ = BkJk- At least one of C2fe-i's is not equal to 0. If 
C2fc-i 7^ then C2k — ±C2fe-i and = ±bfc, i.e. the fc-th arm is either stretced 
out or folded. 

If it is folded then Lemma l2 . ^^l implies that there are no other non-zero C2j_i 's 
as Rn- It is the case (ii). 

If there are no folded arms then Lemma 13.61 implies the number of stretced- 
out arms is either one or two. The latter case corresponds to the case (i). 

Suppose there is exactly one stretced-out arm, say the fc-th arm. Then 
flfc = bk — ±62, i.e. the fc-th arm is parallel to the y-axis. If Bk is not the 
unique highest (or the lowest) point, then at least one of \CBk-i \ and |Ci3fc+i| 
is bigger than 2, which is a contradiction. Therefore, n cannot be even. Suppose 
n is odd. A line segment of length 2 and parallel to the y-axis which starts from 
the highest (or the lowest) Bk is contained in the the curved n-gon D if and 
only if < i? < This is the case (iii). □ 

Proof of Proposition IT^ Lemma IX^ implies the Proposition under 
the assumption that -0 is a Morse function on A^„(i?), which will be proved in 
Proposition 13.101 below. 

Since A^„(i?) is 2-dimensional, the index of a critical point a; of ■(/; is 2 if 
ip{x) is local maximum, if ipix) is local minimum, and 1 otherwise. 

(1) Suppose Rn < R < 2. All the critical points are of type (i) of Lemma 
13.91 i.e. with two adjacent arms stretced-out inward. There are 2"~^ critical 



Figure 24: Type (i) crit- Figure 25: Type (i) crit- Figure 26: Type (i) crit- 
ical point of index ical point of index 2 ical point of index 1 

points of index (Figure |^), same number of critical points of index 2 (Figure 
1^ . and (71 - 2)2"-2 critical points of index 1 fFigure l^ . 




17 



(2) Suppose < i? < Rn and n is even. All the critical points are either 
of type (i) or type (ii) of Lemma 13.91 The number and the indices of type (i) 
critical points are same as in the previous case (1). There are n • 2 • 2"~^ = n2" 
critical points of type (ii). They all have index 1 fFigures 1271 and . 




Figure 28: Type (ii) critical point of 
index 1 



(3) Suppose < i? < Rn and n is odd. The three types, (i), (ii), and (iii) of 
Lemma 13.91 appear as critical points. Unlike in the previous two cases, all the 
critical points of type (i) have index 1 since any vertex of the curved n-gon D 
cannot be a highest or a lowest point in D (Figure H^ . Therefore, summing 




Figure 29: Type (i) critical point Figure 30: Type (iii) critical point 
with index 1. The second arm is with index 2. Only the third arm is 
not drawn. drawn. 



up critical points of types (i) and (ii), we can find n2"~^ + n2" critical points 
of index 1. A critical point of type (iii) has index or 2, each case has 2"^^ 
critical points. □ 

Proposition 3.10 The critical points of which are given in Lemma 13.91 are 
non- degenerate. 
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Proof. We can give local coordinates around a critical point using the stretched- 
out arms or the folded arm, since they determine the position of the body, which 
determines the position of all the other bended arms in turn. 

The proof is devided into three cases according to the types of critical points. 

Type (i) critical points of Lemma 13.91 

Lemma 3.11 Each of any pair of inward stretched- out adjacent arms is not 
parallel either to the x-axis or to the y-axis if < R < Rn or Rn < R < 2. 

Proof. Suppose the fc-th and (fc + l)-th arms are stretched out. Let p be the 
angle (0 < p < tt) of one of the two stretched-out arms from the x-axis. Then p 

or p + TT belongs to , where the two boundary values correspond 

to the case of i? = 2. It tends to ^^^tt as R approaches +0. If n is odd, it 
tends to ^^-j^^tt as R approaches i?„. 




Figure 31: The excluded angles 



Let A be the set of the such angles p {0 < p < ir) as R varies in < i? < i?„ 
and Rn < R < 2. Then A misses 2n points in [0,7r); n points corresponding to 
the case of i? = or i? = 2, and another n points to the case of i? = i?„. The 
former are 0, ^, • • • , ^^^^ti", which include 0, and furthermore, ^ if n is even. If 
n is odd, the latter are 5^, • ■ ■ , ^i;r"i'7 which include | (FigureEIJ. □ 

Suppose the fc-th and (fc + l)-th arms are stretched out. Since neither is 
parallel to the x-axis we have: 

Lemma 3.12 The x- coordinates pk andpk+i of the two joints Jk and J^+i can 
serve as local coordinates. 

Proof. The inverse function theorem implies that a pair of functions ^(x) — p\ 
and r\(x) — p2 serves as a system of local coordinates of M.n{R) — -F^^(O) in a 
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neighbourhood of a point x G A^„(i?) if and only if the matrix 



dh{x 
df2{x 



) \ 



df2k-i{x) 
df2k{x) 

df2(k+l)-l{x) 

df2(k+i){x) 

df2n-l{x) 
df2n{x) 

d^x) 
drj[x) 



\ 



is non-singular. 
Suppose 



/ 2ai 

2ak 

2ak+i 

2a„ 



-2ai 
2bi 



-2afc 
2bk 



—2ak+i 
2bfe+i 



—2a„ 
2bn 



ei 



ei 



(16) 



^Cjdfj{x) + dkdS,{x) + dk+id-q{x) = 0. 

We have C2j-i = C2j = if j ^ fc, /c + 1 since aj ^ ±bj. We have C2k-i = 
C2(fe+i)_i = since ^ ztak+i- Since Lemma |3. Ill implies that bk ^ ±ei 7^ 
bk+i we have C2k = dk = C2(fc+i) = rffe+i = 0, which completes the proof. □ 

Recall {uj,Vj), {pj, qj), and (x, y) denote the coordinates of Bj given by 
Jj , and C respectively. We show that the Hessian of -0 at a; does not vanish: 



detH{^){x) 



dpk^ 
d'y 



d'^y 



dpkdpk+i 
d^y 



dpk+idpk dpk+i^ 



^0. 



We have 



{x-pkf + {y-qkf -1 = 0, 
ipk - ukY + {qk - wfe)^ -1 = 0, 
(x - pk+i)^ + {y- qk+if -1 = 0, 
{pk+i - uk+if + {qk+i - vk+if - 1 

By differentiating (|18|l and l|20|l by pk and pk+i we have 
Pk - Uk dqk+i Pk+i - Uk+i dqk 



(17) 
(18) 
(19) 
(20) 



dqk 
dpk 



dqk^ 



qk - Vk 

d^qk ^ 
dpk'^ 



dpk+i 
1 



d'^qkA 

{qk - Vk)^ ' dpk+i 



qk+i - Vk+i 

k+l 



dpk+1 
1 



dpk 



(21) 



(q 



k+l 



Vk+lY 
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By differentiating (fT7|) and lfT!?|) by pk and by applying J^IJ we get 



(9x c^y 

ix-pk)T: \-iy - Qk)^ 

dpk dpk 



{x -pk) + (y - qk) 



dqk 
dpk 



{x - Pk){qk - Vk) - [y - qk){Pk - Uk) 



dx dy 

(x-pfe+i)- \-{y-qk+i)-^ = 0, 

OPk opk 



which implies 



qk - Vk 



( — \ 

dpk 

dy 
V dpk / 



qk - Vk 



x-pk y-qk 
Pk - Uk qj - Vk 



x-Pk y-qk 

x-pk+i 2/ - 9fc+i 



Similarly we have 



dx 



dpk+i 
dy 

\ dpk+1 / 



1 



qk+i - Vk+i 



x~Pk+i y-qk+i 

Pk+i - Uk+i qj - Vk+i 



x-pk y-qk 
X - Pk+i y - qk+i 



Since = bk and ak+i = bk+i we have 



x-Pk y- 


qk 




dk 


Pk - Uk qj - 


Vk 




b 


k 


X - Pk+l 


y - 


qk^ 


1 




Pk+i - Uk+l 


(1] - 


Vk^ 


-1 





= 0, 
bk+i 



= 0, 



which imply 



9a; dy 



dx 



dy 



dpk dpk dpk+i dpk+i 
By differentiating l(T7jl and ((T^ by pk twice we get 



0. 



(22) 



{x-Pk)i:^ + {y-qk)jr-^ 
dpk^ apk-^ 



d'^y 



dx 
dpk 



dx 
dpk 



-1 - 



dy _ dqk \ 
dpk dpk J 
d^qk 



+{y - qk) 



dy 
dpk 



dpk'^' 
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which impUes 

/ \ 

dpk^ 

\ dpk^ J 



X-Pk 



y-qk 



X - Pk+i y - Qk+i 

2 



dx 
dpk 





dqk\^ 


\dpk 


dpk ) 


dx \^ 


( 


dpkj 


\dpk 



OPk^ 



(23) 



Similarly we have 

/ d'^x \ 
dpk+i'^ ^ 
d^y 
V dPk+1^ I 
I 



x-Pk y-qk 
X - Pk+i y - qk+i 

dx 



2 / \ 2 

/ ay 



( dx 



\dpk+i 



dpk+ij \dpk+i 

f dy _ dqk+i \ ^ 
\dpk+i dpk+ij 



+ iy-qk+i) 



d'^qk+i 
dpk+i^ 



(24) 



and 



/ d'^x \ 
dpkdpk+i 
d'y 

\ dpkdpk+i ) 



x-Pk y-qk 
X - Pk+i y - Qk+i 

I f dx _\ dx 



dx 
.dpk 
/ dx 



1 



dy _ d'^qk \ dy ^ 
dpk+i \dpk dpk'^J dpk+i 

i2 



l \ ^ _ ( _ d'^qk+i \ dy 

\ \dpk+i ) dpk \dpk+i dpk+i^ ) dpk j 



Since 



dx 



dx dy 
dpk dpk dpk+i dpk+i 



dy 



= the above formula implies 



d'^y 



dpkdp. 



0. 



k+l 



(25) 



Let 6 and 6' be the angles of Ok = bk and Uk+i = bfc+i from the x-axis respec- 
tively. Then 



x-Pk y-qk 
X - Pk+i y - qk+1 



cos 6 sin 6 
cos 6' sin 6' 
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and (|21|l implies 

dqk _ cos 9 d'^qk _ 1 ^gfc+i 

dpk sine' dpk^ s\T? 9' dpk+i 

Therefore, (|23l and (jHI) imply 



cos6'' d'^Qk+i 1 
sin^'' dpk+i'^ sin^ 



dpk^ 

\ dpk^ I 
/ d'^x \ 
'fc+i 

V dpk+i^ I 



dpk ■ ' ^ 



which imply 



dpk'^ 
d'y 
dpk+i^ 



sin 9' — sin 9 
- cos 6*' cos 9 



sin 0' — sin 9 
- cos 6*' cos 9 



sm 




sm 



2 cos 6*' 



sm^f ' - U) sm 
2cos6l 



(26) 



sm 



Since 6*, 6*' 9^ 0, tt, f , ^ by Lemma lXTTl and 9' -9^0, ±7r, ^ and (ES)) imply 
that the Hessian is not equal to 0. 

Type (ii) critical points of Lemma 13.91 

Suppose the /c-th arm is folded. Then ak = —bk = ±62. A slight modifica- 
tion of Lemma 13.121 implies that x and pk can serve as local coordinates. 
By differentiating 



by X and pk we get 

dqk _ 
dpk 

By differentiating 



{Pk - Ukf + (gfe - Vkf -1 = 



Pk - Uk d'^qk _ 1 dqk 

qk-Vk' dpk^ {qk-Vk)^' dx 



= 0. 



(27) 



{x-pkf + {y-qk)^ -1 = 
by X and pk, and by applying 

X - Pk = Pk - Uk = 0, y - qk = -{qk - Vk) = ±1, 



(28) 
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dv Ov 

and ^7^, we obtain = — ^ = and 
ox apk 

d^y 1 



dx^ y-qk 
d'^y 1 1 



d^y 1 



3, (29) 



±1, 



dxdpk y - qk 
which implies that the Hessian is equal to —1. 
Type (iii) critical points of Lemma 13.91 

Suppose the fc-th arm is stretched out. Then ak = bk = ±62. The argument 
goes parallel to the previous case. We can take x and pk as local coordinates. 
What is different from the previous case is that (|28|l is replaced by 

X - Pk = Pk - uk ^ 0, y - qk = qk - vk = ±1, (30) 
and hence H29(l is replaced by 



d^y 1 



dx"^ y -qk 
d^y 1 



Tl, 



dpk^ y -qk (qk - Vk)^ 
d^y 1 



T2, (31) 



dxdpk y - qk 



±1, 



which implies that the determinant of the Hessian matrix is equal to 1. 

This completes the proof of Proposition l3.1UI □ 
We remark that the Proposition can also be proved by expressing ip explicitly 

in terms of pk and Pk+i (or other coordinates). The calculation becomes much 

more complicated. 



4 Proof for the singular case 

In this section we study the configuration space A^„(i?) of the spiders with n 
arms of radius R when it is not a smooth surface. 

Proof of Theorem ESJ 

(4) When R = 2 there is a unique configuraion of a spider where all the arms 
are stretched out and the body of the spider is located at the origin. 

(1) The R^O case. 

When i? = all the fixed endpoints S^'s coincide with the origin. As was 
noticed in Remark[21 acts on the configuration space A4„(0) as rotation. We 
can choose as A4'^{0) the configuration space of the spiders when bi — BiJi 
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is fixed to be ei. Wlien n = 2, ^^2(0) is the configuration space of rhombics, 
which was proved to be homeomorphic to the union of three circles any two of 
which are tangent at a pair of distict points (P ). 

Suppose bi = ei. Then the body domain (i.e. the domain where the body 
can be located) is a circle 

{Co = (1 + cos e, sin 6) : -n <e <7r}, 

where 6 is the angle of ai — JiC form the x-axis. 

(1) When = all the arms are stretched out. The configuration corresponds 
to a unique point S in A^^(O). 

(ii) When 6* 7^ 0, tt all the arms are bended. The space of the configurations 
can be given by 

A = ,e„) : e e (-TT, 0) U (0, tt), e, G {+, -}} C M'JO), 

where Sj denotes the index of the j-th arm. The space A is homeomorphic to 
the disjoint union of 2"^^ copies of (— tt, 0) U (0, tt). 

(iii) When = tt all the arms are folded, which can rotate arond the origin 
except for the first arm. This configuration corresponds to a point in an (n — 1)- 
torus 

T"-i = {r(,,,..,,„) : < 0, < 27r} C K,(0), 

where 9j denote the angle of bj from the a;-axis. 
Now let us how they are glued together. 

If the body approaches (2, 0) then all the arms tend to be stretched out. 
Therefore, 

which implies that A U {S} is homeomorphic to a join of 2"~^ open intervals 
V (-7r,7r). 

On the other hand, if the body approaches the origin then all the arms tend 
to be folded. The angle of bj from the a;-axis tends to be equal to either or 
tt; if approaches tt from below and Ej = + or 6 approaches — tt from above 
and Ej = — , and tt otherwise. Therefore, 

^i™gf^(ei(7r-e);£2,-,e„) = '^(^2 ,- ' 

where Si £ {+,— } is the index of the first arm and 6j is given by 

(?, = (i-(-ir^O|e{0,^}. 

2^-1 

It means that 2""^ pairs of "boundary points" of yl U {S} = V (— 7r,7r) are 
glued to mutually distinct 2"^^ points in T"^^ respectively to produce A^Jj(O). 

(2) The n being even and R — Rn — 1 case. 
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Figure 32: The curved hexagon when R = I 



Suppose n is even n = 2m and R — Rn — 1- We agree that the suffixes are 
considered modulo n in what follows, i.e. k + m means k — m if k + m > n. 
The body domain is a curved n-gon D, where the fc-th edge of dD contains the 
endpoint Bk+m in its interior (Figure 

Let I denote the set of the multi-indices of the points in A^„(i?): 

where T is same as and Is e is given by 



IsE — < e° - (e?, • • ■ ,£^) 



£{+,-, 0,^}, 

: e° = 0} = 1, : e° = oo} = 1, ). (32) 
if = oo then = 



Let J„ (0 < TO < 2), De (e e I2), Ee^ (e' e Zi), and yg/^ (e" e Zq) are given by 
iQ, JSJ, ©, and 11U|I as in the non-singular case. Each is homcomorphic to 
IntZ?, where D is the curved n-gon given by 0. We remark that, unlike in the 
non-singular case, Es' is homcomorphic to an open interval minus one point; if 
ej. = then Egi is homcomorphic to the interior of the k-ih edge of dD minus 

Put, for e° elsE, 

4° = {a; e Mn{R) ■■ e{x) = £°}. 
The configuration space Al„(i?) can be decomposed as the disjoint union: 

Mn{R)^i[} De^ [} Ee'^J (J V^e- J U |J ^o. (33) 

\eei-2 e'eii e"eio I £°eisE 

The first term of the right hand side is homcomorphic to n2"^^-times punctured 
orietable surface of genus 1 — 2"~^ -f n2"~^, and Us^gIse ^^^^ disjoint 

union of n2"~^ circles. We see how [J^o^j-^^S^o is glued to it in what follows. 
The argument in the non-singular and < < i?„ case runs parallel after 
modification according to the following differences: 
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(i) Since Bk is not located in IntD but in the interior of an edge of dD, the 
body cannot approach Bk from aU the directions, but from the "half" of 
them. 

(ii) Since not only the folded fc-th arm but also the stretched-out (k + m)-th 
arm can be relaxed to bended arms, S^o intersects the closure of four 
De's. 

Let efo (e° G Ise, e R/(27rZ)) denote a point in S^o C Mn{R) where the 
folded arm has angle 6 from the positive direction of the x-axis. 

Suppose e° = (e^, • ■ • ,e°) € Xse satisfies = oo and e^+^ = 0, i.e. the 
fc-th arm is folded. 

Define e^r e 12 U Zi (ct G {+, -}, r e {+, -, 0}) by 



(ei, • • ■ ,e„) with 



Ej ~ E° if j ^ k,k + m 



Ek — O", Ek^ 



Let S (or F) be the configuration in S^o where the folded fc-th arm and the 
stretched-out (fc -|- TO)-th arm are collinear and the folded arm is outside (or 
respectively, inside) the curved n-gon D (Figures 1^ and : 

-/2(fc-l) , N 



5* — e^o " , F 

Let r_|_ (or r_) be an open subarc of S^o from S to F (or respectively, from F 

C = B, 



C = B2 





Figure 33: 5 = el 



second and the 5-th arms are drawn 



■/ 2(fc-l) I \ 

Figure 34: F = " Only 

^ , , the second and the 5-th arms are 
Only the , 

drawn. 



to S): 



2(fc-i; 



2{k-l] 



TT + TT > , 



■ 2(fc-l) ., ^^n^ 2(fc-l) _ 



27 



Let us show that a point in r+ (or r_ ) is the hmit of a sequence of points in 
De++ or De^ (or respectively, or Ds__ )■ Remark first that if C £ IntD 

then the angle 9' of B^-C from the x-axis satisfies 



2{k~l) 1 



-TT - 



TT <&' < 



2{k-l) 



-TT ■ 



-TT. 



n 2 n 2 

Consider a sequence of points in D^,, or -De , _ whose bodies are located at 



Bk + 6 (cos e', sin e') (S> 0, ^ — ^^tt 



1 



-TT < 



< 



2(fc- 1) 



-TT 



-TT 



Then Figure which can be obtained by a slight modification from Figure !^ 
implies that the formula (|15l) also holds in this case. It follows that the limet of 





Figure 36: The 5-th edge of 
Fi gure 35: The body C approaches Z)»4-»»+» or Z),-|-„— , 

B2 from inside the curved hexagon 
D 



i(g'-2L) 

this sequence as 6 goes down to +0 is the point e^o ^ , where 9' — ^ satisfies 

2(fc-l) ^, TT 2{k-l) 

— -TT <6' < ^ -T: + TT. 

n 2 n 

i(0'-2L) 

It implies that the limit e^o ^ belongs to r_|_ , and conversely that any point 
in r_|_ can be expressed as a limit of this kind. 

On the other hand, the point S can be expressed as the limit in two ways; 
as the limit of a sequence of points in E£_^_g C De^^ (1 Ds^_ whose bodies are 
located at 

Bk+m + 2 (^cos + 5^ , sin + 5^^ (<5 > 0) 

as S goes down to +0, i.e. the body approaches Bk from the "front" side, and 
as the limit of a sequence of points the points in i?£_„ C D£_^ D D£__ whose 
bodies approach Bk from the "back" side. 
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It follows that the (fc + TO)-th edges of Ds^^ and of De^ are both given by 



£>£++ n D£^_ = Ee^, u r+ U {5, F} 



(Figure ESI)- Similarly 



n De__ = Ee_, U r_ U {S, F}. 



Therefore, 



4o =r+UT-U{S,F} c {De^+nD£^_)u{D£_^nDe__) 



{S,F}= {De^^ n De^_) n {D£_^ n D£__) , 

which implies that S^o passes through two 1-handles which are pinched at the 
middle, S and F (Figure EZ)). 




Figure 37: SL and De De D£_ and De 



(3) The n being odd and R — Rn case. 

Suppose n is odd n ~ 2rn + 1 and R — i?„. We agree that the suffixes are 
considered modulo n in what follows. The body domain is a curved n-gon D 
whose vertices are -Bi , • • • , Bn ■ Let X denote the set of the multi-indices of the 
points in 7W„(_R): 

I = l2UliUlso, 

where T2 and Xi are given by iQ and 2so is given by 



^so — 



l{i : £7 = 0} = 2, i{j : i° 
if e^. = 00 then e^+,„ - ^ 



00} = 1, 







(34) 



Let De (e G I2), Ee' (e' G Ii) are given by © and © as in the non-singular 
case. Each De is homeomorphic to IntZ?, where D is the curved n-gon given by 
(0). We remark that, unlike in the non-singular case, if the body is located at 
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a vertex of D then there is a folded arm which can rotate. Therefore, the set of 
0-cells Ve" {e" G To) in the non-singular case IjlOl) should be replaced by circles 

4o = {a; e Mn{R) : £{x) = £°) (?° £ Iso)- 

The configuration space A^„(i?) can be decomposed as the disjoint union: 



Mn{R) 



( U i^eU U Ee\ U IJ 4=. (35) 



The first term of the right hand side is homeomorphic to n2" -times punctured 
orietable surface of genus 1 — 2"^^ + n2"^^, and U£:°giso disjoint 
union of n2"~^ circles. We see how '^2° eXso^k° '^^ glued to it in what follows. 
The argument in the previous case runs parallel. What is different is that since 
Bk is located at a vertex of D the range of the possible directions of approaches 
of the body to Bk is restricted to (1 — . 

Let e|o (e° G Iso, d e R/(27rZ)) denote a point in S^o C Mn{R) where the 
folded arm has angle 6 from the positive direction of the x-axis. 

Suppose £° = (ei, ■ • ■ , e°) e Iso satisfies = oo and = e^+„,+i = 0, 
i.e. the fc-th arm is folded. 

Define e^rr' G I2 U Xi (a e {+, -}, r, r' e {+, 0}, (r, r') ^ (0, 0)) by 



£o-rr' = (ei, • • ■ with 

Put 



ej=e° if j ^ k, k + m, k + m + 1 



Y2(fc-1) , 1 \ ./2{k-l) , 1 \ 

ojf- — e~o , J+ — Ego , 

■ /'2(fc-l) , 1 \ ■/2(k-l) 1 \ 

O — — Cgo , -t — — (--go 

Let r+, F-, Fs, and Ff be open subarcs of 5go from 5+ to T+, from 5- to r_, 
from r_ to 5*+, and from T+ to 5- respectively (Figure OHll: 

, w -V- 1 2(fc-l) 1 

F+ = I e% : — -H + —IT < < — -TT + TT - — TT 



, ,„ ^, 1 ^ 2(fc-l) 1 

F_ = <i e% : '-n - tt H tt <e < '-t: tt 

^ n 2n n 2n 



2{k- 


1) 


n 




2{k - 


1) 


n 




2{k- 


1) 


n 




2{k- 


1) 


n 



2n n 2n 



, z.,A,-_L, 1 ^ 2(fc-l) f 

Ts = <! efo : ^tt - — tt < e < '-tt + — tt 

n 2n n 2n 



, ,„ f ^ 2(A:-1) 1 

Tf = { e~o : ^ -TT + TT TT < < — -TT + TT H TT 

£ n 2n n 2n 



Just like in the previous case, a point in F-|_ (or F_) is the limit of a sequence 
of points in D^^^^, (or respectively, Ds_^^, ) (r, r' G {+, — }). The point S+ (or 
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Figure 38: S±,T±, T±, and Fg, F^? when n — 3 



1 


s+ 








\ 

















Figure 39: A plane minus an open 
disc is being stitched up along F+ 
to produce the space in the next 
Figure 




Figure 40: A space homeomorphic to 
the stitched-up disc in Figure [3 
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T+) can be expressed as the limit of a sequence of points in Ee^^g C D^^^^ D 
£'e+._ (or respectively, Ee^^^, C Dg^^^, n L'e+_J (t,t' e {+, -}). 

Figures 01 and 1301 illustrate how the subarc r+ = r+ U {S+,T+} of S^o is 
glued to UT.T'e{+-}'De^- The subarc fT = r_ U {5-, T_} of is glued to 
Ur,T'e{+.-}-^£_^^i similarly. Their endpoints 5_|_,r_ and 5_,T_|_ are joined by 
and Tp. This completes the proof. □ 
For example, when n = 3, the configuration space A^3(--2=) can be obtained 

by first replacing 6 discs of an 5^ (Figure UT)) by 6 copies of the space illustrated 
in Figure HUl and then joining 3 pairs of pair of points (copies of S± and T±) 
by 6 arcs. 




Figure 41: M^iR) (-7? < i? < 2) minus 6 open discs 



5 Appendix 

We like to end this article by proposing a problem. The linkages that we have 
studied in this paper have maximum symmetry. The configuration spaces of 
the spiders without the symmetry can produce other types of spaces. For ex- 
ample, when n = 2, the configuration space is nothing but the moduli space 
of pentagons, which can produce connected orientable closed surfaces of genera 
from up to 4 (reported in 0), whereas only and S4 can occur in our most 
symmetric cases. 

It seems to the author that the configuration spaces of the spiders do not 
cover all the genera even if the asymmetric cases are included. On the other 
hand, Kapovich and Millson showed that any smooth manifold can be obtained 
as a connected component of the configuration space of some planar linkage 
(H]). Thus we are lead to: 

Problem 5.1 Find a family of planar linkages {Cn}n=o,i,2,--- such that (a con- 
nected component of) the configuration space of is homeomorphic to Z'„. 
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